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bstract

Circulating fluidized bed (CFB) combustion systems are increasingly used as superior coal burning systems in power generation due to their
igher efficiency and lower emissions. However, because of their non-linearity and complex behavior, it is difficult to build a comprehensive model
hat incorporates all the system dynamics. In this paper, a mathematical model of the circulating fluidized bed combustion system based on mass
nd energy conservation equations was successfully extracted. Using these correlations, a state space dynamical model oriented to bed temperature
as been obtained based on subspace method. Bed temperature, which influences boiler overall efficiency and the rate of pollutants emission, is
ne of the most significant parameters in the operation of these types of systems. Having dynamic and parametric uncertainties in the model, a
obust control algorithm based on linear matrix inequalities (LMI) have been applied to control the bed temperature by input parameters, i.e. coal

eed rate and fluidization velocity. The controller proposed properly sets the temperature to our desired range with a minimum tracking error and
inimizes the sensitivity of the closed-loop system to disturbances caused by uncertainties such as change in feeding coal, while the settling time

f the system is significantly decreased.
2007 Elsevier B.V. All rights reserved.
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. Introduction

Today there is no doubt that fluidized bed combustion
FBC) systems are superior to all other combustion technolo-
ies in burning low quality coals, biomass and other waste
uels. Effective combustion with high system efficiency even for
ow-reactivity fuels is accessible with applying a proper con-
rol structure, and it is possible for these kinds of systems to
chieve combustion efficiency of up to 99.5% [1]. On the other
and, combustion of coal with high sulfur content, when strict
equirements for environmental protection have to be satisfied, is
easible only in FBC systems. These systems are noticeably suit-
ble for steam generation purposes in high capacities in power
lants as they can satisfactorily respond to variations in load

emands. They can handle load changes of up to 4% per minute
ithout any problems [2].

∗ Corresponding author. Tel.: +98 21 22072701; fax: +98 21 22080207.
E-mail address: a hadavand@ee.iust.ac.ir (A. Hadavand).
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“Fluidization” refers to the condition in which solid materi-
ls are given free-flowing, fluid-like behavior. As gas is passed
pward through a bed of solid particles, the flow of gas produces
orces which tend to separate the particles from one another [3].
n a typical FBC which uses air as the fluid (atmospheric flu-
dized bed), fine particles of coal are injected to the bed by air.
ir nozzles are located in the bottom and the combustion cham-
er wall. Injected coal particles first produce volatiles over a
elatively short period of time. The char particles which remain
fter complete devolatilization burn for a relatively long period
f time [4]. With an increase in air velocity, large amounts of
articles are carried out of the bed with the air. Entrained parti-
les must be collected by the cyclone (which includes standpipe
ection) and returned to the bed. These types of systems are
enerally called circulating fluidized beds (CFBs). CFBs use a
igher fluidizing velocity, so the particles are constantly held in
he flue gases, and pass through the main combustion chamber

nd into the cyclone. Fig. 1 shows a simplified diagram of a
irculating fluidized bed combustor.

The fluidized bed is not yet a fully understood system and
ts dynamics is very complex because of its chaotic nature, non-

mailto:a_hadavand@ee.iust.ac.ir
dx.doi.org/10.1016/j.cej.2007.11.032
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Nomenclature

A surface area (m2)
A′ constant in Eq. (14)
c specific heat capacity (kJ/kg K)
Cg oxygen concentration in the free stream (kPa)
d diameter (m)
Db bed diameter (m)
Dg molecular diffusivity of oxygen (m2/s)
E activation energy (kJ/kmol)
G average circulation rate (kg/m2 s)
h total heat transfer coefficient (W/m2 K)
hm mass transfer coefficient (kg/m2 kPa s)
H bed height (m)
Hc combustion heat (kJ/kg)
Hv heat produced by combustion of volatiles (kJ/kg)
ka attrition constant
kc char reaction rate coefficient (kg/m2 kPa s)
kg thermal conductivity of the gas (W/m K)
m mass (kg)
M bed mass (kg)
P bed pressure (kPa)
P heat generated per unit time (kJ/s)
Pa power delivered to heat the air mass flow from the

inlet temperature to the bed temperature (kJ/s)
Pb heat generated per unit time by the burning of char

(kJ/s)
Pbw heat transported from the bed to wall heat

exchangers (kJ/K)
q volume flow rate (m3/s)
Q heat per unit time (kJ/s)
R universal gas constant (kPa m3/kmol K)
Re Reynolds number
Sc Schmidt number
Sh Sherwood number
T temperature (K)
Tm mean temperature of the diffusion layer around

the carbon particle (K)
us slip velocity (m/s)
U fluidization velocity (m/s)
V volume (m3)
xv fraction of volatile matters

Greek letters
ε bed voidage
ζ particle porosity
μ viscosity of gas (kg/m s)
ρ density (kg/m3)
ρs suspension density of the bed (kg/m3)
ϕ combustion reaction mechanism factor
ωa attrition rate (kg/s)
ωb char burning rate (kg/s)
ωc char flow rate (kg/s)
ωf burning rate of fine particles (kg/s)
ωi coal feed rate (kg/s)

Subscripts
b bed
c char
c convective
f fines
g gas
m number of inlet flows
mf minimum fluidization
p particle
r number of outlet flows
s number of heat sources and consumptions
s solids
v volatiles

l
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w wall heat exchangers

inearity, and number of immeasurable unknown parameters [5].
bviously, the conditions under which the combustion of coal
articles in a fluidized bed takes place are significantly differ-
nt from the combustion conditions in other types of boilers.
esearch on these combustion processes requires an understand-

ng of coal combustion process in fluidized beds.
The dynamics of multi-phase flow and process characteristics

f circulating fluidized bed boilers have been discussed by many
uthors [5–12]. The goal of these research projects has been the
athematical modeling of gas/solid flow in different parts of the
uidized bed; however, they are mainly focused on cold systems
nd the particles flow dynamics. Hence, bed temperature and its
ffects on system dynamics are ignored. Modeling and control of
ombustion process when the system works in real conditions
ave been studied by [13–18]. Bed temperature, which influ-

nces steam temperature and boiler overall efficiency, is one of
he most significant parameters in the operation of these types
f systems. Many other reasons for controlling bed temperature

Fig. 1. Schematic diagram of a circulating fluidized bed combustion system.
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ncludes better sulfur capture and less gaseous pollutants emis-
ion included in the exhaust gas. Bed temperature also has a
irect effect on system internal parameters which was studied
y Cue and Chaouki [19]. Therefore, it must be bounded in a
ertain range; it means that it should be high enough so that
he fuel particles burn completely, and should be low enough to
revent combustion chamber’s walls and heat exchanger’s melt-
ng and also ash agglomeration. From this place, modeling and
ontrol of CFB combustion systems in operational conditions
s one of the most challenging problems in chemical reactors
ngineering.

In this project a well-suited mathematical model of the mass
nd heat transfer processes in a circulating fluidized bed combus-
ion system based on mass and energy conservation equations
s obtained. Using these correlations, a state space dynamical

odel of bed temperature has been extracted based on subspace
ethod. Having dynamic and parametric uncertainties in the
odel, a robust control algorithm based on linear matrix inequal-

ties (LMI) have been applied to control the bed temperature by
nput parameters, i.e. coal feed rate and fluidization velocity. The
esults are shown for open- and closed-loop systems. To test the
alidity of the proposed robust controller, the effect of change in
uel particles on the closed-loop system’s response is observed.
inally, the effect of bed temperature on the combustion process

s discussed.

. Combustion process mathematical model of a CFB

Every process is determined with its physical and chemical
ature that expresses its mass and energy bounds. Investigation
f any typical process leads to the development of its math-
matical model. Mathematical models are abstractions of real
rocesses. They give a possibility to characterize behavior of
rocesses if their inputs are known. By the construction of math-
matical models it is possible to extract dynamical models which
re important for control purposes.

To obtain a precise and practical mathematical model of bed
emperature in a CFB unit, one should apply theoretical relations
ased on mass and energy conservation equations along with
orrelations based on well-conducted experimental approaches.
ass balances for lumped parameter processes in an unsteady-

tate are given by the law of mass conservation and can be
xpressed as

d(ρV )

dt
=

m∑
i=1

ρiqi −
r∑

j=1

ρjqj (1)

here ρ is the density, V the volume, q the volume flow rate, m
he number of inlet flows, and r is the number of outlet flows.
nergy balances follow the general law of energy conservation
nd can be written as

d(ρVcT ) m∑ r∑ s∑

dt

=
i=1

ρiqiciTi −
j=1

ρjqjcjTj +
l=1

Ql (2)

n which c is the specific heat capacity, T the temperature, Q heat
ransfer per unit time, and s is the number of heat sources and

S
e
p
i
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onsumptions as well as heat brought in and taken away not in
nlet and outlet streams.

Thus, the char mass conservation equation in a circulating
uidized bed combustion system which incorporates char flow
ate and also char burning and attrition rates is given by

d

dt
mc = ωc − ωb − ωa. (3)

ere mc is the char mass, ωc is the char flow rate and is a fraction
f the coal feed rate, ωb is the char burning rate, and ωa is
he attrition rate of char particles. In the next two sections, the
quations governing char burning and attrition processes will
e discussed. The energy conservation equation in a CFB is as
ollows

csMs + ccmc)
d

dt
Tb = Pb + Pv + Pf − Pbw − Pa (4)

here, csMs and ccmc are heat capacities related to solid and
har particles, respectively, and Pb, Pv, and Pf are the heat gen-
rated per unit time by the burning of char, volatiles and fine
articles. Here Pbw is the heat transported from the bed to wall
eat exchangers and Pa is the power delivered to heat the air
ass flow from the inlet temperature to the bed temperature.
ower generated from the burning of char, Pb is as follows

b = ωbHc (5)

n which Hc is the combustion heat. The term Pv can be expressed
y

v = ωixvHv (6)

here Hv is the heat produced by combustion of volatiles.
nergy delivered from the combustion of fines which relates

o the burning rate of fine particles, ωf, is given by

f = ωfHc. (7)

These fine particles are mainly produced from parent coal and
ttrition of char. The term Pbw which is the heat transported from
he high temperature bed materials to the wall heat exchangers
s computed by the following correlation:

bw = hAw(Tb − Tw) (8)

here Tw is the wall heat exchangers temperature and Aw is their
urface area. h is the total heat transfer coefficient which will be
ompletely discussed in Section 2.3.

To predict properties, or for the mathematical modeling of
ombustion process in CFB boilers, it is necessary to know the
urning, attrition, and heat transfer processes.

.1. Char particles burning

Char is a combustible matter left over after devolatilization
f coal particles. Char formed after the volatile evolution has an
nner structure which is very different from that of the initial coal.

tudying the char combustion process is essential because of its
ffects on combustion hydrodynamics. The burning rate of char
articles has a significant influence on the combustion process;
t determines, e.g. the carbon hold up in a fluidized bed which
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ffects the carbon loss by attrition and elutriation and thus the
ombustion efficiency [4]. Understanding the char combustion
rocess, gives us the ability to have a comprehensive perception
f modeling and controlling the bed temperature in a fluidized
ed and the ability to predict the system’s combustion efficiency.
hree different models have been introduced for char burning,
hich are

unreacting shrinking core model,
reacting core model, and
progressive conversion model

which differ in where the combustion takes place (inner or
uter surface of the particle) and what order of oxidation reaction
s assumed [1]. The combustion of char is a high temperature
xidation of carbon to carbon dioxide. The reaction is described
s follows:

+
(

1

ϕ

)
O2 →

(
2 − 2

ϕ

)
CO +

(
2

ϕ − 1

)
CO2

here ϕ is the mechanism factor and is equal to 1 for the first
odel and 2 for the second and third models. In a circulating
uidized bed, the abrasion of ash layer by the high gas–solid
elative velocity continuously takes places on the char surface.
hus, the shrinking unreacted core model is considered in most
tudies especially in studying the industrial and large scale sys-
ems [20]. As it can be seen, the main product of char combustion
eaction in the shrinking core model is CO2 instead of CO.

In modeling the bed temperature, some assumptions in char
ombustion process should be considered: we assume that the
olids are perfectly mixed, their distribution is independent of
perating conditions, the coal combustion model is described
y the so-called shrinking core model and the reaction kinetics
s of order one. Also the temperature field is assumed to be
omogeneous, due to intense inert material particle mixing, and
he intense heat transfer between particles and between gas and
articles.

Combustion processes are similar in circulating or bubbling
uidized beds, but the burning rate of char are different in these
eds. The burning rate of char in circulating fluidized beds is
igher than that in bubbling beds due to higher mass transfer rate
21]. The burning rate of char particles in a circulating fluidized
ed burning in the shrinking core regime (ϕ = 1) is as follows
22]

b = Cg

1/hm + 1/kc
Ac (9)

here Kc is the char reaction rate coefficient, Cg is the oxygen
oncentration in the free stream, Ac is the surface area of a char
article, and hm is given by

m = 12ShϕDg

dcRTm
(10)
ere Dg is molecular diffusivity of oxygen, dc is carbon par-
icle diameter, Tm the mean temperature of the diffusion layer
round the carbon particle, Sh is Sherwood number, and R is the
niversal gas constant which is equal to 8.315 kPa m3/(kmol K).

t

ω
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alculating the Sherwood number Sh has been studied by Souza-
antos [23]. The approximation of the Sherwood number for
irculating fluidized beds is given by

h = 2ε + 0.69

(
Re

ε

)0.5

Sc0.33 (11)

here ε is bed voidage, and Re, Sc are Reynolds and Schmidt
umbers, respectively, which can be calculated as follows

e = usdcρg

μg
, (12)

c = μg

ρgDg
. (13)

ere us is slip velocity which can be found as,
s = U/ε − Gs/(1 − �)ρc, where Gs is the average solids
irculation rate. Mean temperature of diffusion layer around
article, Tm can be calculated as (Tb + Ts)/2, in which, Tb is bed
emperature and Ts is particle temperature. Brem [4] concluded
rom experimental simulations that one could easily take the
har particles temperature equal to the bed temperature. It is
haracteristics of chemical reactions that their rate coefficients
epend strongly in a nonlinear way on the temperature [24].
har reaction rate coefficient, kc is generally given by [2]

c = A′exp

(−E

RTs

)
(14)

n which the activation energy and the coefficient, A′ vary with
he characteristics of coal and its chemical composition [25]
nd are obtained by empirical studies. The diffusivity coeffi-
ient Dg depends on the particle porosity, temperature, pressure
nd its concentration. The following simple correlation can be
sed to compute the average diffusion coefficient of oxygen in
fluidized bed [26]

g = 8.677 × 10−8 T 1.75
b

P
ζ2 (15)

here ζ is particle porosity.

.2. Char particles attrition

During char combustion process, due to collisions with inert
ed particles, abrasion of char particles takes place and small
articles of char separate from the main particle. This process,
alled attrition, depends on the coal type and may produce a
ignificant amount of very small combustible particles [1].

The attrition rate of char particles in a bubbling fluidized bed
BFB) has been obtained by Donsi et al. [27]. The mass flow rate
f char consumed by attrition in a circulating fluidized bed, ωa
s proportional to the char mass, mean slip velocity between the
har particle and the fine bed solids and a determined constant.
alder [28] presented the following correlation for calculating
he attrition rate in a CFB:

a = ka

(
Uc − Gs

ρb

)
mc

dc
(16)
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where, ρb is the average bed density of the bed, Uc is the char
elocity, and ka is the attrition constant. The attrition constant is
ndependent of the fluidization regimes [28] and depends only
n the coal type. Attrition constants of different coal types have
een collected by Brem [4].

Talmor and Benenati [29] proposed the average circulation
ate of particles as

s = 785 (U − Umf)exp(−6630dc) (17)

here Umf is the minimum fluidization velocity. Therefore, the
ifference between the actual fluidization velocity and the min-
mum value has a strong influence on the circulation rate of
articles in the bed. The bed density, ρb, refers to the average
ensity of the bed above the combustion zone and is determined
rom the pressure drop measured across the upper section of the
iser [2] or it can be found from the following simple correlation

b = M

AbH
(18)

n which, M is the total mass of the bed, Ab is the cross-section
rea of the bed, and H is the bed height. The char velocity can
e found as

c = Gs

(1 − ε)ρc
(19)

here ρc is the char density.

.3. Heat transfer process

Heat transfer plays a significant role in the hydrodynamics of
CFB combustion unit where the primary objective is to trans-

er heat from the high temperature bed to produce steam for
urbines. The magnitude of the heat transfer and location of heat
ransfer surfaces of a boiler greatly influence its thermal effi-
iency [2]. In a fluidized bed combustor, heat is transported by
irculating suspended solid particles to the heat transfer surfaces
hich are commonly vertical surfaces in the form of membrane
alls [30]. Heat transfer from a fluidized bed to membrane walls

s generally seen to consist of three components: particle con-
ection, radiation convection and gas convection among which
he latter one is usually disregarded due to the lower density of
he gas compared to the solids [31]. Thermal conduction is also
eglected when considering heat transfer in CFB combustion
ystems [32].

Many different correlations have been proposed for modeling
he heat transfer process in fluidized beds [33–36]. Werdmann
nd Werther [33] have extracted the following correlation for
he convective heat transfer coefficient

c = 7.46 × 10−4
(

kg

dp

)
ρ0.562

s

(
Dbρgug

μg

)0.757

(20)

here ρs is suspension density of the bed and kg is the thermal
onductivity of the gas. Suspension density seems to be the most

ignificant factor influencing the heat transfer. Correlation (20)
ust be added to the radiative coefficient to obtain the overall

eat transfer coefficient. By neglecting the heat radiation and
onvection in the dilute phase, a simpler empirical correlation

c
o
t
r
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or the overall heat transfer to the water wall of a CFB presented
y Dutta and Basu [37] is given by

(W/m2 K) = 5ρ0.391
s T 0.408

b (21)

. Bed temperature dynamic model of a CFB

In the past section, the mathematical model of the bed tem-
erature in the riser of a circulating fluidized bed combustion
ystem was obtained. These correlations could be collected as a
et of nonlinear ordinary differential equations. The next step is
o estimate a dynamic model based on the mathematical model
xtracted for optimization and control purposes. Optimization in
he combustion system results in maximizing thermal efficiency
nd minimizing pollutant emissions and operating costs. The
hoice of combustion temperature is an important issue in the
esign of fluidized bed boilers. Circulating fluidized bed boilers
ypically operate in the range of 1100–1200 K. The bed tem-
erature (combustion temperature) should be controlled for the
ollowing reasons: (1) to improve combustion efficiency which
s dependent on the bed temperature, (2) to have the optimal
ulfur capture, (3) to prevent ash agglomeration at the bottom
f the combustor chamber, (4) to prevent combustion chamber’s
alls and heat exchangers melting, (5) to prevent vaporizing

lkali metals from the coal which causes fouling (these metals
ould not vapor at low temperatures), and (6) to lower pollutants

mission such as CO and NOx.
The combustion efficiency generally increases with the bed

emperature because the carbon fines burn faster at high tem-
eratures and a higher temperature may help reduce the burnout
ime and hence the combustible loss. The effect of temperature
s especially important for less reactive fuel particles such as
nthracite or petroleum coke. High combustion temperature is
eneficial especially for low volatile, less reactive fuels [2].

Cui and Chaouki [19] studied the effects of bed temperature
n the local two-phase flow structure in a pilot scale fluidized
ed of the FCC particles with bed temperatures ranging from
5 ◦C to 420 ◦C, covering both the bubbling and turbulent flu-
dization regimes. However, the temperature range considered
s not realistic, but easily shows the effect of temperature on
ystem internal parameters. The results show that fluidization
s enhanced and fluctuations of the local two-phase flow struc-
ure become more intense with increasing bed temperature. At
onstant superficial gas velocities, the averaged local particle
oncentration, the dense phase fraction and particle concentra-
ion in the dense phase decrease with increasing bed temperature.

Bed temperature also affects the pollutants emissions. To
tudy the effect of combustion temperature on NOx emission,
ts production sources must be understood. The major source
f NOx production from nitrogen-bearing fuels such as certain
oals is the conversion of fuel bound nitrogen to NOx (fuel NOx).
uring combustion, the nitrogen bound in the fuel is released

s a free radical and ultimately forms free N2 or NO. Fuel NOx
an contribute as much as 80% when combusting coal. A sec-
nd source of NOx formation is the oxidation of nitrogen in
he combustion air (thermal NOx). Thermal NOx increases with
ising temperature, nitrogen concentration in the flame, oxygen
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Fig. 2. GMN input and output signals for identification of the CFB combustion
system.

Table 1
Process parameters (Babcock & Wilcox 80 firebrick)

Plant parameters Nominal value

Bed height (m) 0.8
Bed diameter (m) 1.2
A
I

e
g
b
c

a
t
p
b
s
t
s
o
model-based controllers such as robust control algorithms. The
subspace method is found to be the best choice among the others
from the viewpoint of data fit and the order of the model. The
following section explains the basic idea behind the method.

Table 2
Nominal values of model parameters for petroleum coke

Model parameters Nominal value

Char particle diameter (mm) 1.5
Heat value of the feed coal (kJ/kg) 32,500
02 A. Hadavand et al. / Chemical En

oncentration and gas residence time [38]. In low temperatures
ery little atmospheric nitrogen is converted to NOx. Brem [4]
tudied the effects of bed temperature and concluded that NO
mission increases linearly as the bed temperature increases.
his increase is caused by the increase of volatile production
nd an enhancement of the ammonia oxidation rate to NOx at
igher temperatures. The effect of temperature on CO emis-
ion is completely different from that we have for NOx. Brem
4] showed both theoretically and empirically that CO emission
ecreases linearly with the raise in the bed temperature. What is
mportant here is, that both pollutants can be reduced if the plant
s operated correctly and the bed temperature is well controlled.

Very high temperatures may also result in ash agglomeration
t the bottom of the furnace causing problems such as flooding
f the cyclone. This prevents the solids flow through the loop
eal and leads to complete choking [2].

Bed temperature control is commonly accomplished by aux-
liary fuel flow control and the primary airflow [15]. In this study
he control scheme is to keep the bed temperature in a desirable
ertain range through the coal feed rate and fluidization velocity.
hese two parameters highly influence the combustion process.
hen the feed rate is increased, first the feed fraction (reactant)
ill increase. This increased fraction leads to a higher rate of

eaction, and consequently the heat production will increase.
ikewise, the fluidization velocity affects the process of mass

ransfer between fuel particles and the bed, the rate of volatiles
eleased, and the char particles attrition [1]. It also has an indirect
ffect on the heat transfer through the change in the suspension
ensity; suspension density will become more with decreasing
uidizing velocity.

Thus, the process is characterized via three parameters: coal
eed rate and fluidization velocity (as inputs), and bed tem-
erature (as output). Now, one could extract a multi-input and
ingle-output (MISO) model, which tells us how the input vari-
bles affect the output. The selection of good excitation signals is
n important step in the design of the experiment. In this study,
eneralized multiple-level noise (GMN), which is a multiple-
evel generalization of generalized binary noise (GBN) is used
s the model input and then the output (bed temperature) is
easured. This method involves a generalized stochastic distri-

ution of the switching moments, which allows manipulation
f the frequency spectrum of the input signal, such that most
nergy is concentrated in the lower frequencies [39]. The GMN
oncept indeed gives much better identification results than con-
entional concepts especially for processes with delays. Also
nlike a low-pass pseudo-random binary sequence (PRBS) sig-
al, the spectrum of a low-pass GMN signal does not have dips
t some frequencies. Another advantage with GMN is that the
ignal length is flexible [40]. The GMN signal is generated as the
xcitation signal at 15 levels for u1 (coal feed rate) and at 23 lev-
ls for u2 (fluidization velocity) to cover all the operating points.
he average switching time between these levels is selected as
samples and 2000 samples are used for identification. Fig. 2
hows the input and output data collected for identification of the
rocess. In order to have a more realistic simulation of the CFB
oiler and to be able to tune the control parameters reliably for
eal applications, the important parameters to specify the math-

V
E
A
k

verage reactor internal pressure (kPa) 102
njected air temperature (K) 305

matical equations related to the process and coal particles are
iven in Tables 1 and 2. These set of parameters are from a pilot
oiler by Babcock & Wilcox Co. in [23] which uses petroleum
oke as input coal.

There are many methods to build a model from the gener-
ted random input–output data. To choose a model structure
hat is suitable for identification one should refer to the system
roperties. A more exact model leads to better error variances
etween the predicted data and real data. In this study the sub-
pace method is used to build a linear state space model from
he data. If the process is controlled and the operating range is
mall, a linear process model may be an adequate approximation
f reality. Further, a linear model is more proper when designing
olatile content of the feed coal (%) 28
/R (K) 9,058
′ (kg/m2 s kPa) 1.97

a 1.5 × 10−7
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Besides comparing models in terms of the prediction vari-
ances that they produce, the models can be simulated with a
given input and then compared as to how well they describe the
corresponding measured output [44]. The results are shown for
A. Hadavand et al. / Chemical En

Consider a representation of a discrete-time linear time-
nvariant (LTI) system of the form:

x(t + 1) = Ax(t) + Bu(t) + w(t)

y(t) = Cx(t) + Du(t) + v(t)
(22)

here y is the output vector, u the input vector, x the state vector,
, v the noise terms, and A, B, C, and D are to be estimated

ystem matrices. Let us define the extended observability matrix
s

r = [C, CA, CA2, . . . , CAn−1]
T

(23)

here n is the dimension of matrix A. For any invertible matrix
, one can rewrite the system as

x̃(t + 1) = T−1AT x̃(t) + T−1Bu(t) + w̃(t)

y(t) = CT x̃(t) + Du(t) + v(t)
(24)

he extended observability matrix, Or, is also changed to Õr =
rT . By the assumption that this basis change does not affect

he original system dynamic matrix [41], the defined system Eq.
24) leads to

y(t + k) = CAkx(t) + CAk−1Bu(t)+· · ·+CBu(t + k − 1)

+ CAk−1w(t) + CAk−2w(t + 1)

+· · · + Cw(t + k − 1) + v(t + k)

(25)

f we rewrite them in a vector form, we arrive at

r(t) = Orx(t) + SrUr(t) + V (t) (26)

here

r =

⎛
⎜⎜⎜⎜⎝

D · · · 0

CB · · · 0
...

. . .
...

CAr−2B · · · D

⎞
⎟⎟⎟⎟⎠ (27)

The basic concept of subspace identification method is to cal-
ulate A, B, C and D matrices using least squares by finding the
xtended observability matrix. This is performed by eliminating
he input and noise terms in Eq. (26) using known input and
utput matrices. The least squares estimate of system dynamic
atrices is given by [42]

A B

C D

)
=
(

n−1∑
t=0

(
x̃(t + 1)

y(t)

)
(x̃T (t) uT (t))

)

×
(

n−1∑
t=0

(
x̃(t)

u(t)

)
(x̃T (t) uT (t))

)−1

(28)

This class of approaches is called the direct N4SID method.
he estimated linear model of the circulating fluidized bed sys-

em is calculated using N4SID method, which is of order 3. The

rder of the model should be a trade-off between the complexity
f the model and its validity. For industrial processes, in many
nstances, low order models will suffice, especially when the
rocess is kept in a certain operating point.

F
s

ig. 3. Comparison between the data obtained from the real system and the
stimated data.

A model is not useful until its validity has been tested and
stablished. The model is usually identified by minimizing the
rror between process data and model prediction. A criterion
hould be defined which indicates how good the model fit is.
or a process operating around a steady-state value, one could
se:

it = 100 ×
(

1 − norm(y − ŷ)

norm(y − ȳ)

)
= 86.5% (29)

n which ŷ is the model prediction and ȳ the mean or average
alue of the data series [43]. A comparison between the mea-
ured data and the estimated model data is shown in Fig. 3. The
esults show that the estimated data 86.5% fits the real system
ata.
ig. 4. Outputs of the real system and the estimated model to the random level
tep changes in fluidization velocity.
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he real system’s and estimated model’s outputs to the random
evel step changes in fluidization velocity in Fig. 4.

As it can be seen, the model proposed agrees reasonably well
ith the experimental results. The advantage of this model is

hat it is not solely based on experimental data gathered from a
pecific plant so that the controller designed based on the model
ould not be used on other plants. This is the value of modeling
ased on mathematical correlations; one could easily change the
odel parameters from plant to plant to build a new dynamic
odel and controller. Now, we can continue the controller design

rocedure with of the third-order state space model. Organiza-
ion of the paper follows the requirement of presentation of the
∞ control algorithms that take into account changes of static

nd dynamic properties of process. In this paper, LMI optimiza-
ion approach will be used to design the reliable H∞ control for
he uncertain boiler. The next section is devoted to LMI tech-
iques to robustly control the bed temperature in a circulating
uidized bed combustion system.

. Control of bed temperature in a CFB

Chaotic nature of fluidized bed combustion systems together
ith variation in their parameters such as time-variant char par-

icle diameter during the combustion process and changing in
he quality of the feed coal [14] result in uncertainties in the

odel obtained. Also, it should be considered that the theoret-
cal and empirical correlations used for process identification
nd modeling may not be precise causing deviations from the
eal system model. On the other hand, presences of unknown
ariables, which affect the system performance along with inac-
uracies in measurements, make the controlling of the system
ard. Therefore, the first possibility is to design a robust con-
roller based on the linear state space model and then to apply
t on the nonlinear mathematical model. In practical studies, it
s important when designing a controller to guarantee a good
losed-loop stability and performance for all possible operat-
ng conditions of the plant. So in the case that the values of the
lant parameters estimated through experiments vary with the
hange of operating conditions, it is unavoidable to incorporate
he parameter variation into the control design [45].

The design of robust controllers using Linear matrix inequal-
ties (LMIs) has long been considered as one of the most
mportant solutions in the control of these types of systems
46–50]. LMIs have emerged as a powerful formulation and
esign technique for a variety of linear control problems [51].
oosted by the availability of fast LMI solvers, research in robust
ontrol has experienced a significant paradigm shift. The basic
dea of the LMI method in control is to approximate a given con-
rol problem via an optimization problem with linear objective
nd so-called LMI constraints. The LMI method leads to an effi-
ient numerical solution and is particularly suited to problems
ith uncertain data and multiple specifications.
.1. Linear matrix inequalities (LMI) in control

This section gives a formal statement of the LMI control
roblem and defines the relevant notation. Consider the state
Fig. 5. Representation of the closed-loop system.

pace representation of the LTI system depicted in Fig. 5 as

ẋ = Ax + Bww + Bu

z = Czx + Dzww + Dzu

y = Cx + Dww + Du

(30)

here w is the disturbance signal, and z is a vector of output
ignals related to the performance of the control system. In a
ealistic design problem one is usually not just confronted with a
ingle-objective problem but one has to render various objectives
atisfied. For example the control objective could be to weaken
he effect of disturbances and modeling uncertainties as small as
ossible, to reduce the control effort, and to bound the settling
ime of the closed-loop system to some extent. Thus, in this case,
he performance vector z contains the output y and inputs u1 and
2 and the specification related to settling time bounds.

The controller K of the form

ζ̇ = AKζ + BKy

u = CKζ + DKy
(31)

ust meet the specifications on the closed-loop behavior. These
pecifications are formulated relative to some closed-loop trans-
er function of the form

j = LjTRj (32)

n which T denotes the closed-loop transfer functions from w

o z, and the matrices Lj, Rj select the appropriate input/output
I/O) channels or channel combinations. Note that Tj(s) is the
ransfer function from wj to zj such that

= Rjwj, zj = Ljz (33)

ith the plant P and controller K defined as above, the state
pace realization of the closed-loop system is given by [52]

:

{
ẋcl = Aclxcl + Bclw

z = Cclxcl + Dclw
(34)

here
(35)
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The results are also shown for the response of the closed-loop
system to a random level reference input in Fig. 8. In this config-
uration, a reference input is given to the system and the tracking
response of the system is observed. The figure shows that the
A. Hadavand et al. / Chemical En

ith

Bj = BwRj, Cj = LjCz, Dj = LjDzwRj

Ej = LjDz, Fj = DwRj

(36)

j(s) = LjT(s)Rj admits the realization

Now we intend to capture all of the specifications and
bjectives in the LMI framework. If Acl and xcl denote the
losed-loop state matrix and state vector, respectively, and if
(xcl) = xT

cl Pxcl be the quadratic Lyapunov function with P > 0,
he stability criterion of the system is to satisfy the following
nequality

T
clP + PAcl < 0 (38)

The LMI approach consists of expressing each control spec-
fication or objective as an additional constraint on closed-loop
yapunov functions satisfying Eq. (38). As mentioned before,

n the case of multiobjective control, we consider all the spec-
fications on a generic closed-loop transfer function Tj(s). The
orresponding LMI constraints are therefore formulated in terms
f the state–space matrices Acl, Bcl,j, Ccl,j, Dcl,j, H∞ norm of the
j which is its largest gain across frequency in the singular value
orm is smaller than γ and the matrix Acl is stable if and only if
here exists a symmetric matrix P with

AT
clP + PAcl PBcl,j CT

cl,j

BT
cl,jP −γI DT

cl,j

Ccl,j Dcl,j −γI

⎞
⎟⎠ < 0, P > 0 (39)

.2. H∞ Control of bed temperature in a CFB: an LMI
pproach

Many criteria based on time responses or frequency responses
an be used to find the best controller settings in a control design
rocedure [53]. Some of them such as short settling time, small
teady-state error, limited overshoot, and desirable gain and
hase margins are the most important ones for us. Stability is
minimum requirement for the good performance of a control

ystem. However, in most practical cases, a desirable controller
ust admit a well-damped and quick time response. A common
ethod to guarantee a suitable transient response is to place the

losed-loop system poles in the desired place. Pole assignment
n convex regions of the left-half plane can also be expressed as
MI constraints on the Lyapunov matrix P. These LMI regions
re any region R of the complex plane that can be defined as
54]:

= {z ∈ C : L + zM + z̄MT < 0} (40)

T
here L = L and M are fixed real matrices. The matrix-valued
unction fD(z) which is called the characteristic function is given
y

D(z) = L + zM + z̄MT (41)
F
m

ing Journal 140 (2008) 497–508 505

(37)

In the case that the LMI region is the half plane with
e(Z) > −α, the characteristic function equals to

D(z) = z + z̄ + 2α < 0 (42)

In this paper, to have the settling time shorter than about
00 s, the values of matrices L, M are obtained to be 2 + i and
, respectively. Having the specification and objectives defined,
ne could find the H∞ robust controller for the bed temperature
odel. The controller obtained is of third-order, which is equal

o the model order. The achieved H∞ norm of the closed-loop
ystem is found to be 1.88 in the iteration, which is admissible. It
s the importance of good modeling and control. The H∞ norms
how that how well a system can reject the disturbances.

. Results and discussion

The Bode plot of the complementary sensitivity matrix which
s a measure of disturbance rejection of a system is shown for
ur state space model compared with an ill-conditioned model
btained from ARX algorithm is shown in Fig. 6.

The smaller the Bode plot peak, the more robust the closed-
oop system would be. Fig. 7 illustrates the step response of
he closed-loop system compared with the open-loop one. As it
an be seen from the figure, the settling time of the closed-loop
ystem has been highly improved which was one of our goals.
ig. 6. Bode plot of complementary sensitivity functions (subspace and ARX
odels).
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Fig. 7. Comparison between step responses of the closed-loop and open-loop
systems.
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Fig. 8. System response to random level reference input.

ontrolled system satisfyingly tracks the input. As mentioned
efore, the operating bed temperature is usually in the range of
100–1200 K but in the case of low-grade fuels the bed tempera-
ure can even be below 1070 K. The temperature ranges around
120 K optimizing the sulfur capture efficiency of limestone,
ombustion efficiency, NOx content and agglomeration of the
ed material as well [15].

The inputs (coal feed rate and fluidization velocity) are
ounded. It should be noted that to have an appropriate flu-
dization process, the fluidizing velocity must remain within

certain range. It should be bounded between the minimum
uidization velocity, umf, and the terminal velocity. Some of
he problems concerning unbounded fluidizing velocity which
esults in improper solid circulation rate or suspension den-
ity are reduction in combustion efficiency and combustion
hamber saturation and clinkering. The combustion efficiency

s
a
n
t

Fig. 9. The values of control inputs (Tb = 1150 K).

enerally decreases with increasing fluidizing velocity due to
igher entrainment of the unburnt fines and oxygen bypassing.
owever, lower velocities may prevent fluidization and there-

ore run the risk of choking. If the velocity decreased further, the
olid concentration in the column increases upto a point caus-
ng saturation of the column with the solids. The solids start
ccumulating, filling up the column and resulting in a steep rise
n the pressure [2]. It is assumed that the coal feed rate is lim-
ted in the range 170–220 kg/h and the fluidization velocity is
n the range 2–4.6 m/s. However, bounds on the control inputs
ere considered as one of the control objectives in our H∞
esign. If the system is forced to set the temperature to a desired
alue, the inputs must reach to a steady-state value when the
ontrol task is accomplished. For example in the case that our
esired temperature is 1150 K and the inputs are bounded in the
bove-mentioned ranges, their final values reaches to 0.047 kg/s
170 kg/h) and 3.0 m/s for coal feed rate and fluidization veloc-
ty, respectively. Control inputs u1 and u2 in the case of 1150 K
s the reference point are depicted in Fig. 9.

Maintenance of a stable inventory of solids is very important
or the stable operation of a CFB boiler. This means that the
otal mass of solids in the bed must remain unchanged during
he combustion process. Because it is too important to keep the
ed inventory well-controlled so that it cannot become too high,
ausing the danger of high bed temperatures and sintering threat.
he simulation results show that the total bed mass takes the
teady-state value of 120 kg with a tolerance of ±10 kg, which
s in the desired range.

A common robust stability test of any closed-loop is to see the
ffect of changes in system parameters on the system responses.
s hinted before, change in the quality of the feed coal is one
f the most challenging factors in modeling and control of CFB

ystems as it affects system dynamics. Coal particle diameter
long with its volatile content and heat value change perma-
ently during the combustion process and alter with the coal
ype. Also apparent activation energy for char particles of dif-
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Fig. 10. System output to step reference input for different coal types.

erent origins (from petroleum coke to brown coal) ranges from
7 kJ/mol to 142 kJ/mol.

The simulation results are shown for Illinois coal and
nthracite char with different diameters, heat values, activation
nergy, char burning rate constants and attrition constants in
ig. 10. It is observed that change in the coal type does not
ffect the tracking output; however, for the anthracite char, the
ettling time of the system has been partly increased.

Note that the model and the designed controller are valid
nly within the area that the system is allowed to work (system
perating points). It is always risky to use a model outside the
rea for which it has been validated.

. Conclusion

Circulating fluidized beds exhibit very complex hydrody-
amics caused by interactions between the gas and the solid
hases. The motion of gases and solids are driven by mechanisms
hat are difficult to identify and describe. A novel mathematical

odel of bed temperature in a circulating fluidized bed com-
ustor was proposed. The mathematical model obtained which
s established on mass and energy conservation equations, lets
s incorporate all the process dynamics in the model. Then the
ubspace method based on least squares estimation was used to
xtract a dynamical model of the bed temperature. The subspace
ethod is found to be a good selection among other identification
ethods from the viewpoint of validity and complexity. Having

ncertainties in the model structure, a robust control algorithm
s necessary to control the bed temperature. These uncertain-
ies are mostly changes in the fuel consumed (heat value, fuel
article size. . .) or caused by bed asymmetry. In this paper we
ave a LMI solution to the H∞ robust control of bed temper-
ture system. The H∞ controller minimizes the sensitivity of

he closed-loop system to disturbances caused by dynamic and
arametric uncertainties. Bed temperature control procedure is
one via controlling the fluidization velocity and the coal feed
ate. Combustion air controls are very important for burning con-

[

ing Journal 140 (2008) 497–508 507

itions. More stable burning conditions allow a decrease in the
xcess air ratio, thus reducing nitrogen emissions and increasing
hermal efficiency of the boiler. However, the air controls must
lso take into account the potential risk for the CO and hydro-
arbon emissions if excess air is reduced to a very low level. The
imulation results of the closed-loop system show the ability of
he proposed controller to robustly control the bed temperature
n the presence of uncertainties. The settling time is significantly
ecreased and the tracking error has been improved. Also it has
een observed that the fuel inventory remains almost stable dur-
ng the control process; the fuel inventory in the bed is one of the
ey variables in the combustion process, combustion rate, and
ormation of nitrogen and sulfur oxides. Finally, it was discussed
hat keeping the bed temperature in a certain range reduces the
mission of gaseous pollutants and also improves the system
verall efficiency while the sulfur capture is at its optimal level.
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